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THE MONOTONICITY OF THE ENTROPY FOR A FAMILY OF
DEGREE ONE CIRCLE MAPS

LLUIS ALSEDA AND FRANCESC MANOSAS

ABSTRACT. For the natural biparametric family of piecewise linear circle maps
with two pieces we show that the entropy increases when any of the two param-
eters increases. We also describe the regions of the parameter space where the
monotonicity is strict.

1. STATEMENT OF THE RESULTS

In this paper we study the monotonicity of the entropy for a biparametric
family of degree one circle maps. The monotonicity of the entropy for particular
families of maps of the interval has been considered by several authors for
several families (see [MV, BMT, MT, DH]). We consider a problem similar to
the one considered in [MV]. We deal with the biparametric family of piecewise
linear circle maps with two pieces and we prove that the entropy increases when
any of the two slopes increases. We also describe the regions of the parameter
space where the monotonicity is strict.

In [AM] a kneading theory for a class of bimodal continuous circle maps
of degree one (called class .%/) was developed. The framework of the present
study will be that kneading theory. Therefore, this paper has to be considered
as a second part of [AM]. Hence, we assume the reader is familiar with the
notation, definitions, proofs, and techniques developed in [AM] and we shall
use them freely in this paper.

The family we are going to study can be defined as follows (see Figure 1).
For 4> 1 and u >0 we set

Ax if x € [0, 4],
Giu(X) =19 1+p(l - x) if x € [, 1],

E(x) + Gy u(D(x)) if E(x) #0,

(where E(-) denotes the integer part function and D(-) the decimal part func-
tion, i.e.,, D(x) =x — E(x)).
Clearly G; , €%, ¢, , =% and G; ,(0)=0 forall > 1 and x> 0.

Aw T op+ad
Hence [, , (0) remains constant when the parameters vary. On the other hand,

Received by the editors July 9, 1990.

1980 Mathematics Subject Classification (1985 Revision). Primary 34C35, 54H20.
Key words and phrases. Kneading theory, monotonicity, topological entropy.

This research was supported by DGCICYT grant number PB86-0351.

(© 1992 American Mathematical Society
0002-9947/92 $1.00 + $.25 per page




652 LLUIS ALSEDA AND FRANCESC MANOSAS

2

I

0 ptl |
u+i

0

FIGURE 1. The map Gs

for each A and u the rotation interval of G, , is of the form [0, b; ,] (of
course by , >0).

To simplify the notation we set ¢; , = cg, ,, K(4, u) = LGM(C,W), and
h(A, u) = h(G,, ). Also we shall write (A', ') > (4, u) if and only if A’ > A
and u' > u. If additionally either A’ # 4 or u’ # u we shall write (4', y') >
(A, ).

The main results of this paper are the following:

Theorem 1.1. Let A, A", u, and u' be such that (A, u) < (A, u'). Then
KA, u) < KA, i). Moreover K(A, u) = K(A', u') if and only if for some

meZ, m>1,wehave by ,=by , =L and ™'y < 1.

Theorem 1.2. Let A, 2, u, and ' be such that (A, u) < (A, w'). Then
h(A, u) < h(X, i'). Moreover h(A, u) = h(A', u') if and only if for some
meZ,m>1, wehave by , =by =L and ' <X /(A™ ~1). In this last
case h(A, u)=h(?, u') = B&l/m.

Remark 1.3. We recall that B, , 1s the largest root of the equation R, ,(z) = % ,
where R ,(z) = Y z79 and the sum is taken over all pairs (p, q) € ZxN for

which a < 5 < b. In the special case in which a =0 and b = # the formula is
specially simple. From Proposition 1.1 of [ALMM] and Theorem C of [ALMS]
we get that B | Im is the largest root of the polynomial z"+! — zm — z — 1.

When studying the monotonicity of the entropy (and of the kneading se-
quences) of a family of piecewise linear maps from &/ with two pieces, the
more general family to consider is the three parameter family ®; , , defined
by G,,,+a with A>1, u>0,and a € R. As the following example shows,
if a # 0 then we cannot extend Theorem 1.2 to this family. So, in what follows
we only consider the family ®; , o =G .

Example. Consider ®, , , and ®; , , with a =04, A =22, u=0.2,
A=25,and u’ =0.5 (see Figure 2).




MONOTONICITY OF ENTROPY FOR A FAMILY OF CIRCLE MAPS 653

2 2

(a) (b)

FIGURE 2. (a) 9,3,02,04, (b) ®25.05,04

We note that the map x — 0.5 — x conjugates the map ®; , , with
G, . Therefore, from Theorem 1.2 it follows that A(®; , ,) > 0. However,
h(®y ., ,4) = 0. To see this we can argue as follows. If we denote by g the
circle map which has ®;, , , as a lifting, we have that ¢(0.6) and ¢(0.4) are
fixed points of g (where e(x) = exp(2mix) denotes the natural projection from
R to S!). Moreover, ¢(0.6) attracts e((0.4, 1)) and e([0, 0.4)) is mapped
around the circle only once. Therefore, g has only two nonwandering points
which are fixed points and, hence, the entropy of g is zero.

We recall that [ GU(O) remains constant when the parameters vary and
hence, the problem of the monotonicity of the kneading sequences for the fam-
ily G, , is essentially one dimensional. However, lq)l'”‘a(()) does not remain
unchanged when the parameters 4 and u vary and a # 0. Thus, when con-
sidering the case a # 0 it is necessary to take into account another kneading
sequence and the problem becomes two dimensional. In this case the natural
extension of Theorem 1.1 in order that we would get A(®y 4 4) > h( Py 4 4)
as a corollary would be the following (see Corollary 3.5 of [AM]):

If (A, u')> (4, u) then

Lo, . (coy 0 )2 1o, (co,,,) and Iy, , (0)<Iy  (0).
For the maps from the example it is not difficult to show that
Iy, , (0)<le, . (0) <y, [(co,,.) <Ilo, , (co, )

and the natural extension of Theorem 1.1 does not hold when a # 0. Thus, in
the sequel, we concentrate on the case a =0.

Now we start the proofs of Theorems 1.1 and 1.2. The strategy of the proofs
for F, is as follows. In §2 we fix 4 and we study the uniparametric family
F, = G;,,. For this family we prove Theorems 2.1 and 2.2, which are the
analogues of Theorems 1.1 and 1.2, respectively. In §3 we study the family
F, = G;,, for u fixed. Then we prove Theorems 3.1 and 3.2, which are the
analogues for F; of Theorems 1.1 and 1.2, respectively. Then Theorems 1.1
and 1.2 follow from Theorems 2.1, 2.2, 3.1, and 3.2.
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2. THE FAMILY F,

In this section we assume that A is fixed and we study the uniparametric
family F, =G, ,. Weset b(u) =b, ,, h(u) =h(4, p),and K(u) =K(4, p).
The main results of this section are the following versions of Theorems 1.1 and
1.2 for our family F,:

Theorem 2.1. Let py and u, be such that u; < p;. Then K(u;) < K(uz).
Moreover K(u,) = K(ua) if and only if there exists m € Z, m > 1 such that
b(ui) = b(uz) = & and A" 'uy < 1.

Theorem 2.2. Let u; and py be such that uy < py. Then h(u;) < h(ua).
Moreover h(u,) = h(uz) if and only if there exists m € Z, m > 1 such that
b(uy) = b(uz) = # and p, < A/(A™ —1). In this last case h(u,) = B&l/m.

We introduce some new notation to be used in this section. We set ¢, =
Cius fn(ﬂ) Fi(cy), and gu(u )—dfn )/du when D(fi( )) ¢ {0, cu} for

i=1,...,n—1. Also set K(u) = Ag(u)A;(u) - = Sdo(u)*®d,(u)---, and
deﬁne
o )_{1 if Card{i € {1,...,n—1}:s;(u) = R} is even,
=4 if Card{i € {1,...,n—1}:5;(u) =R} is odd.

Lastly, set ¢, =dc,/dpu=(A—1)/(A+p)*.
The next result gives a first reduction of our problem to a particular case.

Proposition 2.3. If ' > u and b(u') # b(u) then K(u') > K(u).

Proof. Since ' > u we have (F,), > (F,), and since (Fy ), and (F,), are
nondecreasing we get (F,)! < (Fy)? for all n € N. Therefore, the rotation
number of (Fy), is smaller or equal to the rotation number of (F,),. Then,
from Lemma 4.7 of [AM] we obtain b(u’) > b(u). Therefore, by Theorem B
and Lemma 4.9 of [AM] it follows K(x') > K(u). O

From Proposition 2.3 it follows that it is enough to prove Theorem 2.1 when
b(u') = b(u).

Now we start the study of the case b(u) = b(y'). Let m € N be such that
m—1< ghs <m. Clearly, if b(u) > 1 wehave m =1 and b(u) € [, 77)
otherwise. We shall keep this assumption until the end of this section. We shall
split the study of this case into several lemmas.

We note that when b(u) <1 (thatis m > 1) then F,(x) < 1+ x for all
x € R. Hence Ag,(x)€ {M0,10, L1, <1, R1} forallxeR

Lemma 2.4. The following statements hold.
(1) am —am=1 _1>0;
(2) w2 1/@Am=am=t = 1);
B) If m>1and Am~' —Am"2—1>0 then p<1/(Am"1 =im=2-1);
(4) If m > 1 then

(€107 = K (i ) < K(w) < 102,

Otherwise K(u) > (€1)®
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Proof. First we prove (4). Assume m = 1 and suppose that K(u) < (€1)>.
Then we obtain F,(c,) < 1+ ¢, and hence F,(x) < 1+ x forall x € R;a
contradiction because 1 € Ly, .

If m>1 weget b(u) € [L, -15). Suppose that K(u) < (C1(£0)"=1)>.

Then we have K(u) = €1(£0)"~!Ld ... (thatis s,(u) = L). Hence D(F."(c,))

< ¢, . On the other hand from Lemma 4.1 of [AM] since b(u) > # , F, hasa
TPO (twist periodic orbit) P of period m and rotation number % If c,eP,
from Lemma 4.4 of [AM] we obtain K (u) = (“1(*0)"~")*. So ¢, ¢ P. Then,

from Lemma 4.4 and Remark 3.1 of [AM] we get I (vp) = (F1(*0)""))=
(recall that vp = maxP N[0, 1)). Thus, since If(c,) = “1(20)"~'--- and
I (vp) =*1(*0)""-.. we obtain that F;"|,, ) is linear with slope A" and
E(F)wp,cy = 1. Since (F™ — 1)(vp) = vp we obtain (F™ — 1)(cy) > ¢4 .
Therefore s,,(u) = R; a contradiction.

Now suppose that K(u) > (€1(£0)"2))>. Then Zpy(c;) > (1£(0L)m—2)
and from Proposition A of [AM] we get (14(0F)™~2)> is a reduced itinerary of
F, (note that $"((1L(0L)"~2)>) < (1L(0L)"=2) for all n > 0). Let x € R
be such that ZF”(x) = (1£(0F)m=2)> . Then pf,(x) = 15 contradicting the
assumption that b(u) € [£, ~15).

Now we prove (1) and (2). From the above arguments we know that there
exist a TPO P such that I (vp) is either (“1(%0)"~')> or (C1(LQ)ym—1yoo
In both cases we get A~ !(Avp — 1) = vp. Therefore (A — 1)vp = A™~!. Since
vp<c, <1 weget A" —1>A""! and (1) holds. On the other hand we have

Am—l
VPZWSC#Z

+1
u+a

=

and hence,
A A <A — 4+ A -1
Thus (2) follows.
Lastly we prove (3). Assume that m > 1, A”~! —1"=2_1 > 0 and suppose
that u > 1/(A™~! — Am~2 — 1), which is equivalent to
am=2 u+1
< = .
L Ry

Set x =Am=2/(Am~' —1). Clearly F,"~'(x) =1+ x. Hence, ;.5 € Lg,; a
contradiction. This ends the proof of the lemma. O

From Lemma 2.4 it follows that we also we may assume that A" — A"~! — |
> 0 and we shall do so in the rest of this section. Also we set J(m) =
[1/(Am = Am=! — 1), k(m)), where

( ) {l’"_—'—ll’"—‘-z_——l- ifm>land/1’"“l—l"’“2—l>0,
K(m) =

0 ifm=lorm>1land A" ' —A""2_-1<0.

From Lemma 2.4 we can also assume that u € J(m).
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Remark 2.5. From Lemma 2.4(4) it follows that for m > 1 and for u € J(m)
we have K(u) = €1(*0)"~2Ld ... with d € {0, 1}. Therefore, from Proposi-
tion A of [AM] we get that if for some i > 0, d;(u) =1 then s;,;(u) = L for
j=1,...,m—1and dij(u)=0 for j=1,...,m-2.

Note that, in general, the map F, does not belong to the class % (see [AM]).
The following lemma shows that for some values of the parameter u the maps
F, preserve the properties of the maps of class % . We set I(m) = {u €
J(m): u>A/(A" —1)}. We recall that 7 is the set of all preimages of 0 and
cr under F.

Lemma 2.6. J¢, is dense in R forall ue I(m).

p
Proof. Suppose that JF, is not dense and let U be the complement of cl(7,) .
The set U is open and hence it is a countable union of disjoint open intervals.
Let U' = UNJ[0, 1) (note that U = (J,,c,m + U’). Number the intervals
of U' by {Uk}2, and denote by c; the length of the kth interval. Clearly
Y reo¢k < 1. Hence limy_, ¢, = 0 and there exists ko € N such that ¢ < ¢,
for every k € N. Note that U'n {0, ¢,} = @. Therefore either Uy, C (0, ¢,)
or Uy, C (¢u, 1). In the first case we get F;(x) =4 > 1 forall x € Uy, . In the
second case, from Remark 2.5 we obtain (F,")'(x) = Al > amj(am—1) > 1
forall x € U'. Since F(U) C U we have that either F or F™ maps Uy, to
a larger interval of U ; a contradiction. 0O

Remark 2.7. From the above lemma it is easy to see that all of the results proved
in [AM] for class % (that is from Lemma 3.6 until Proposition 3.12) are also
valid for the maps F, when u € I(m).

Now we are interested in characterizing the values of the parameter u for
which there exist a subinterval of [0, 1] containing ¢, which is invariant for
F™ — 1. This problem is closely related to the characterization of the values A
for which A/(A™ — 1) € J(m). To this end we introduce the following family
of polynomials. Set

Pu(A) = A" —2)m 34+ 1.

Lemma 2.8. For each m > 1 the polynomial P, (1) has a unique root larger
than one. Moreover if we denote this root by m,, we have

(1) 2<my, <3;
(2)If n< m then m, > mpy;
3) an—am-!-1>0.

Proof. Since P,(2) = —1 forall m > 1, the equation P,(A) = 0 is equivalent
to the equation A™ = R(A) with R(4) = 4=§.

Since lim;;; R(A) = 0o, R(3) =2, and R| o) is decreasing we obtain (1)
and (2) (see Figure 3).

Since n)i = R(m,) we get

m
m

m_l_l_nm—l y _ (tm—1)? 1

m = T -2 (m-Dftm  Am(Am-2)

-7

Since =, > 2 we obtain (3). O

It is not difficult to show that for x € J(m) the point x = A"~1/(A™ — 1) is

the largest point in [0, 1) of a TPO of period m and rotation number % (in

fact I (x) = (*1(£0)"~")>). Let x, be the F,-conjugate of x. Clearly, the
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FIGURE 3. The roots 7,,

existence of a subinterval of [0, 1] containing ¢, and invariant under Do F™
is equivalent to the fact that D(F™(c,)) < x,. In the next lemma we relate
this problem to the fact that A/(A™ — 1) € J(m). Also we characterize the
situation A/(A™ — 1) € J(m) in terms of the roots of P,(4) and we obtain
some preliminary results about kneading sequences. For this we shall use the
following sequence

ﬁ — Cl(LO)m—lRl((LO)m—lLl)oo .
Lemma 2.9. The following statements hold,
(1) A/(Am = 1) e J(m) ifand only if A > n,;

(2) For pe J(m), fm(w) < 1+x, ifand only if p <i/(A" - 1);
B)IfA>my and p, u' € J(m) with u <A/(A™ — 1) < u’ then

K(uw) <K (/ml—_l) =B<K();

4 If A<my, and pu e J(m) then K(u) > B.
Proof. (1) By Lemma 2.8 the equation A > 7, is equivalent to the equation
P,(A) > 0 and this is equivalent to 1/(A™—1) > 1/(A"—-A™~! —1). To see that
A/(A™ —1) € J(m) when A > m,, it only remains to show that 1/(A" — 1) <
K(m). If k(m) = oo there is nothing to prove. Now assume that m > 1 and
Am—1 _)m=2 _ 1> 0. Then we have

A 1 1

K(m)

T 1 Am T 1ji S AmT _gm2_1
and (1) holds.
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(2) First we compute x,. We recall that x, is the F,-conjugate of x =
Am=1/(A™ — 1). Then we have

;Lm—l
u(l = x,) +1=Fu(x,) =Fu(x) = lﬁ.
Hence,
X, =1- 1
0w -1
Now we consider the inequality
_ |

(*) fm(‘u)=},m l(lcﬂ—l)+1>2—m=1+xﬂ.

An easy computation shows that for 4 € J(m) the above inequality is equiv-

alent to
__.__,1_ ....—1_ >0
F=gm 1 ) \F ™ mm 21 :

Then, for all x € J(m) (x) holds if and only if u > A/(A™ — 1). This proves
(2).

Now we assume that 4 > m,, and we compute K(1/(A™ —1)). We get

AA™—D+1  Am4i-1 1 a-1

y A
Therefore

A _ A+ A—-1
fm <1m_1) =" ! (}. (W>—l) =1+x,1/(,1m_|).
Hence,

A — m-— m— oo
K (=) = 10 Ly Ceigmoy) = 1O R 1(HO )% = 8.

Let u € (1/(Am —Am=1 — 1), /(A" — 1)). Then, since fp(u) < 1+ x, <2
we have

K1) = “1(*0)" Lp, (fm(w) < C1(H0)" 'L (x,) = B.

If pe(A/(A"=1), k(m)), from (2) we obtain fn,(u) > 1+x,. If fr(u)>2,
then )

( )_{Cd-'- withd >1 ifm=1,
W=V aom-221... iftm>1.

Thus, in both cases we have K(u) > B. If f,(u) < 2 we have K(u) =
CLE0)™ g (fmn(p)) -

On the other hand, since 1+ x, < fn(4) < 2, we get x, < D(fm(n)) and
from Lemma 3.7 of [AM] and Remark 2.7 we have Le (fm()) > Lg, (xu) . So
K(u)>B.

(4) When 4 < m,,, from (2), we get f,,(u) > 1+x, forall u € J(m). Then,
by the same arguments as in the proof of (3) we obtain K(u) >B. O

Remark 2.10. From Lemma 2.9 it follows that f,(u) < 1 +x, for A > m,
and for u € (1/(A™ — Am~1 — 1), A/(A™ — 1)). Since F,,’"(l'""/(l’" - 1)) =
L+ A 1/(Am - 1), F'(cy) = fm(u) < 14+ x,,and F*(x,) = 1+Am=1 /(A 1)
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FIGURE 4. The map (Fﬂm - l)l[l'”"/(l’"—l),f,,,(;t)—l]

we get that F,” maps the interval [Am=1/(Am = 1), fm(u) — 1] into itself (see
Figure 4). On the other hand, since

Ip(y)= Litoym=t... forally € (A" 1/(A™ - 1), ¢,)
and
I (z) =R1(t0)™="... forall z € (¢, fn(p) = 1)
we get that F”|m-1/4m_1) ., has slope A" and F[|¢,, f.u-1) has slope
_}.m—llu .

In view of Lemma 2.9 we can split our problem into two different cases. The
firstoneis A > m,, and u € [1/(A"—-A""1—1), /(A" —1)] and the second one
is p € (max(1/(A"—Am"1~1), A/(A"—1)), k(m)) . To study the monotonicity
of K(u) in the first case we use a result of Misiurewicz and Visinescu (see
[MV]) about maps of the interval. To state it we introduce new notation.

For A>1 and u > 0 we define H; ,:[0, 1] — [0, 1] as follows (see Figure

5 on next page)
A.X lfx <€ [O’ l]a
Hl,ﬂ(x) = 1 . 1 4
—u(x—-3)+1 ifxels,1].

In order that H, , maps [0, 1] into itself it is necessary that —u(x—%)+l >
0. Thus we obtain u < ;4; or equivalently,

l + l > 1
AoouT
Remark 2.11. Consider the family H, , defined as follows:
. Ax if x € [0, c],
i ) = {

Note that ]TIA, x maps [0, 1] into itself if and only if Ac < 1. By the above
considerations we get that H; , maps [0, 1] into itself if and only if }+}l > 1
(or equivalently u < 14;).

—u(x—-c)+ic ifxelc,1].
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FIGURE 5. The map H;

The maps H; , with A>1 and u < Af—l are called skew tent maps in [MV]
and they form a biparametric family of unimodal maps of the interval with a
local maximum d; , = d; = ;. Set K(4, u) = I, (d;,,), where the notion
of itinerary is the usual in unimodal maps (i.e., A(x) is L, C, or R according
as x is less, equal, or greater than dyu= %). The following theorem studies
the monotonicity of the kneading sequences of the skew tent maps.

Theorem 2.12. If (A, u) < (X', u') then K(A, p) < KA, 1'). Moreover if
w >1 then K(A, u) < K(A', u').

Theorem 2.12 has been proved by Misiurewicz and Visinescu in the case
1> 1 (see [MV]). However, the extension to the case u < 1 is trivial.
Proposition 2.13. Let A, u, and p, be such that A > m,, and

/A" ="~ = 1) Sy < pp <A/(A" - 1).

Then K(u) < K(uz). Moreover if A" 'uy > 1 then K(u;) < K(uy).

Proof. By Remark 2.10 we get that F”” — 1 maps the interval [Am=t/(Am = 1),
Sm(u) — 1] into itself (see Figure 4) and (F)" — 1)|m-1/Gm—1), f,-17 1S @
rescaled version of Hm ;m-1,. Also we note that K(u) is directly obtained
from K(A™, Am=14) by substituting the symbols L, C, and R by L1(£0)m~!,
C1(*0)"', and R1(*0)"~! respectively. Hence K(u;) < K(u) if and only if
K(A™, A" u) < K(A™, A"~ 'u,) . Then the proposition follows from Theorem
2.12. O

In what follows we consider the second case. That is
1€ I(m) = (max(1/(A" = A" ' = 1), A/ (A" = 1)), k(m)).

We study this case through a sequence of lemmas. To do this we need again
some more definitions. Each sequence of the form *“dj'd,---%-'d,_, with

sie{M,L,C,R} and d; € Z forall i=0,...,n—1 will be called and n-
strip. Let A" be an n-strip. Then o(4") denotes the parity of (sg, ..., Sy_1).
That is a(4") willbe +1 or —1 according as (sp, ..., S,—;) has an even or

odd number of symbols R. Also we define A . as the interior of the set of
w’s such that K(u) starts with 4" . We note that if A4» # @ then 5o = C and
Jnla,. 1s a rational function on u. Now set I'y» = Ay N 1(m).
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N ea(m) ca(p)

c(u) a(p)

(b)

(a)

FIGURE 6. (a) shows a decreasing map. Hence it is
strongly decreasing. (b) shows an increasing map which
is not strongly increasing. In both pictures the curves
ci(u) are the graphs of the turning points depending on
U

Let (a,b) CR* and f: (a, b) — [0, 1] be a continuous map. We say that
f is strongly increasing if f isincreasing and forall u, u' € (a, b) with u < u’
we have A,(f(n)) < Ap(f(1')) (Au(x) denotes the F,-address of x). We say
that f is strongly decreasing if f is decreasing and for all u, u’ € (a, b) with
u < wehave A,(f(u)) > Ay (f(1')). Note that since each turning point of
F, depend on u in a nondecreasing way, to show that f is strongly decreasing
it is enough to show that f is decreasing (see Figure 6(a)). We also note that
the notions of strongly increasing and increasing are not equivalent (see Figure
6(b)).

Remark 2.14. The situation described in Figure 6(b) is not possible if f"(u) —
¢ () >0 forall u.

The strategy of the proof of Theorem 2.1 in this case is as follows. We
shall show by induction that for all n > 0 and for each n-strip 4" such that
I'y» # @ the set I'4» is an interval in which fy|r,, is strongly increasing or
strongly decreasing according to the parity of 4". From this it follows easily
the monotonicity of the kneading sequence depending on x. Unfortunately
to be able to make the induction step we shall need to prove some additional
properties. We start this proof with some preliminary lemmas. See Figure 7
(next page) to illustrate the first one of them.

Lemma 2.15. Let f, g:[a, b) — R with b € RU {oc} be functions such that
fla) < g(a) and f and g are convex and concave on [a, b), respectively.
Then the equation f(x) = g(x) has at most one solution.

Proof. Assume that there exist z and y such that a < z <y, f(z) = g(2),
and f(y) < g(y). Then z = ta + (1 — t)y for some ¢ € (0, 1) and we get
fz)<tfla)+ (1 -0)f(y) <tg(a)+ (1 -1)g(y) < g(z); a contradiction. O

Remark 2.16. From Lemma 2.15 it follows that if f: [a, b) — R is a differ-
entiable function, increasing and convex and f(a) < ¢, then f is strongly
increasing. Moreover, in this situation, to see that f is strongly increasing it
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2

FIGURE 7. The maps f and g

suffices to show that A4,(f(y)) > A.(f(a)) forall y € [a, b) (recall that A4,(x)
denotes the F,-address of x).

Lemma 2.17. Let A" = %dy---S-'d,_; be an n-strip. Then for all u € Ayn
and k=1, ..., n we have
k-1

E(fi(w) =Y di.
i=0
Proof. Clearly E(fi(1)) = E(fi(1)) — E(cu) = Yo\ (E(fi(w) — E(fim1())) =
i diw) =i di. O
Lemma 2.18. Let A" = “dold,---Ld,_, be an n-strip. Then for all p € Ay
and k=1, ..., n we have
fu(u) = 2ke, + pha(3),
where pﬁ .(A) is a polynomial of degree k — 1 in A which depends only on
do,...,dn_1.
Proof. We use induction on k. If kK =1 then fi(u) = Ac,. Now assume that
the statement holds for k—1 > 1 and we prove it for k. Since u € A4» and k—
1 <n—1 we have that A(f;_;(#)) = Ldi_, . Hence, by Lemma 2.17, fi(u) =
Fulfici() = E(feer () + Fulfimr () = E(frmr () = Yimg di + A (1) —
A Z;:oz di=2kc, + lpf;:_]. A+ (1=-4) Zf:oz d; and the lemma follows. O
Remark 2.19. From the preceding lemma we obtain that if

A" =Cdytd, - td,_,

then forall y € A4~ andfor k =1, ..., n wehave g (u) = Akc"l. Moreover in
a similar way to the proof of Lemma 2.18 we also obtain that if C' kisa k-strip
and A" = C*ldyldy, - Td,_y then g, ;(u) =Aig(u) for i=1,...,n—k

and for p € Ayn.

Remark 2.20. Since F, is old we have
D(Fy(x)) = D(F,(D(x)))
for all x € R and for all u € (0, o).




MONOTONICITY OF ENTROPY FOR A FAMILY OF CIRCLE MAPS 663

Let A" = €dy---*-'d,_, be an n-strip. We set 4" = Rdy---*-1d,_, and
4’: = LdO N
Lemma 2.21. Let A" =%d,---5"-'d,_, be an n-strip such that s; € {L, R} for
i =1,...,n—1 and assume that T 4~ is an open interval, f,|r,, is either
strongly increasing and a(A") = 1 or strongly decreasing and a(;i”) = -1;
and there exists a unique x € I'yn such that D(f,(x)) = cx. Then the following
hold.
(1) If a(4") =1 thenforall u €T 4n suchthat > x, K(u) > A" A% (47)>.
Moreover, for all | € N there exists & such that K(u) = A" A’ (A")"---
SJorall ue(x,x+d).
(2) If a(4") = —1 then for all u € Tyn such that p > x, K(u) >
A" A" (A})>® . Moreover, for all | € N there exists J; such that K(u) =
ATAN (A - forall pe(x,x+3).
Proof. We only prove (1). Statement (2) follows in a similar way. We set
p=do+--+dy_1, k=Card{ie {l,...,n—1}:5;, =R} and K = {y €
4y > x}. Note that from Remark 2.5 it follows that n = (k + 1)m +r with
r e N. Since fu|r,, is strongly increasing we get that K(u) = A™d ... for all
1 € K. By Lemma 2.17 it follows that f,(x) = cx+p and p+c, < fu(y) < p+1
forall y € K. Set 4_ = (4"7")® and 4 = (d%---dL ). Note that
the sequence AA_ has no symbol M, R, or C and ,_4’_75 = A_. Then since
sp(y) =R forall y € K, we get

(09)° < S(4_) < I ()

forall i >0. Hence A_ is dominated by F, for all y € K (see §3 of [AM]
for a definition of domination). Then, by Proposition A of [AM], for a fixed y
there exists a periodic point y; € (0, ¢,) such that [ F, (1) =A. Let y, be the
conjugate of y; in (¢, 1). Clearly F'(y1)—p =y and Ig (y2) = AL (A”)>.
Then we get that (F}' —p)|py, ,y, is piecewise linear with two pieces (see Figure
8 on next page). Moreover, by Lemma 2.3 of [AM] we get that

A <Ip(z)<K(y)=A"dy--- forall z €[y, ¢)].

Hence, for all z € [y, ¢,], the map LF},(Z) = A" ... . Therefore, the slope
of (F} =Py, ¢, is A" *Fuk. Similarly, I (z) = 4}--- forall z € [¢), y2l,
and the slope of (F}' —p)|i,,y,) is A" ¥~1uk*1 Since 2> 1, A"~'u>1, and
1/Am+1/Am 'y < 1 forall u€lI(m) we get

1 1 1 1
An—k'uk + An—k—lﬂk+l = l(m—l)k+m+ruk + /'L(m—l)k+m+r—l'uk+l

___1— _1_+_1_)<]
_(lm—lu)klr Am L am=ly :

Hence, from Remark 2.11 we get Fy"“(cy)—p > y, . Therefore, LFy(f,,(y)) >
I, (y2) = A1(4%) . Thus, K(y) = A"L(fa(y)) > A"A7(A7)>.

We note that since D(f,(x)) = ¢x (thatis D(F[(cx)) = cx) we have fi(x) ¢
Z for all i > 0. Moreover, since s; € {L, R} forall 0 <i <n-1 we also
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FIGURE 8. The map F — p|p, v,

have s;(x) # C for all i > 0 not a multiple of n. So, by the continuity of f;
for all i > O it follows that for each / € N there exists J; > 0 such that for
all y € (x, x+ ;) we have d;(x) =d;(y) forall i € {0,...,(n+2)/} and
Ai(x) = Ai(y) forall i € {0,..., (n+2)/} not a multiple of n. Then, since
K(y) > A"A}(4")> for such y, we get S,(y) = R and s;,(y) = L for all k
such that kn < /. This ends the proof of the lemma. O

Let B" be the n-strip formed by the first » symbols of
E — Cl(LO)m——lRl((LO)m——lLl)oo .

In the following lemma we show that I'4. is an interval such that fy|r,, is

strongly increasing or strongly decreasing according to the parity of 4" . This
plays a crucial role in the proof of Theorem 2.1.

Lemma 2.22. Let A" =%dy---%-'d,_, be an n-strip such that s; € {L, R} for
i=1,...,n—1 andassume that T 4» # @. Then the following hold.
(1) Tyn=(agn, Ban) with Bsn € RU {oo}.
(2) Either D(fu(ag»)) = 0 or ca,, is periodic of period less than n or
A" = B" and in this case a4n = max(1/(A™ — Am=1 — 1), A/(A™ - 1)).
3) If si=L fori=1,...,n—1 then either n < m and A" = B" or
D(fn(aqn)) = 0 and in any case fulr,, is strongly increasing. Other-
wise, if a(A") =1 then fu|r,, is strongly increasing and convex and if
o(4") = -1 then fyr,, is strongly decreasing and concave.

Proof. To prove the lemma we use induction on n. First we prove the lemma
for n < m (recall that m =1 if b(u) > 1 and if b(u) < 1 then m is such
that b(u) € [1, -15)). We divide this proof into two cases.

Case m = 1. We have I(m) = (max(3, 127), o) and B = C1RI(E1)>.

For n = 1, since I'yi # @, we have A' = “d with 0 < d < 4. Clearly
Ay =(%i,,84.) (see Figure 9) where B, = l_‘fi—’l_l if A>d+1or B4 =
otherwise. If d = 1 then A' = B' and we get Qy =max(ﬁ, ﬁ). If d>1
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FIGURE 9. The values ac, for d=1,2,3

clearly we obtain o, = dljil and hence D(fi(ay1)) = 0. Thus (1) and (2)
hold.

Since g1(1) = Ac, = AA—-1)/(1 + )2 > 0 it follows that f; is increasing.
To prove that f; is strongly increasing, in view Remark 2.14, it is enough to
show that f\(u) — ¢, and fi(u) — (1 - ;) are increasing for i=2,...,d 1.
Clearly g;(u)—c, > 0. To prove that g(u) —i/u* >0 for i=1,...,d -1
we shall show that 121 do1

(u+A)? Z e

gi(u) =4

b

which is equivalent to

UA _
m(fl(#) -1)=

ul  A-—1

——pu——>d-1.

u+/1u,u+/1

Since f)(u) > d it suffices to prove that ﬁ% > 1 which holds for u > ﬁ

Hence (3) follows for n =1.
Case m > 1. We have b(u) < 1 and hence d,;(u) € {0, 1} forall i > 0.
From Remark 2.5 we get that if d;(u) = 1 then d; (1) = - diym—a(u) =0

and s;,y(u) =+ = Sizm—1(1t) = L. First we prove the lemma for n < m. By
Lemma 2.4 we get A" = B" and I'y. = I(m). Hence

agn =max(1/(A" - A" 1), /A - 1).

By Lemma 2.18 we have g,(u) = A"c;, > 0 forall u € I(m). Therefore, fu|jm)
is increasing. Lastly, from Remark 2.5 we get that s,(u) = L forall u € I(m).
Hence f,(u) <c, forall u e I(m). Therefore, f, is strongly increasing.
Now we prove the lemma for n = m. Since fi,—1|;m) is strongly increas-
ing we obtain (1). By Lemma 2.4 we get that either 4" = B™ or A" —
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a, ay ag Ay

FiGURE 10. The graph of the map f,_, |1-A"_l and the in-

tervals I'4~ in different cases. Note that a .1 =a; =
agn-izy, Agn-12y = a3 and, by Remark 2.20, D(f,(a2))
= D(Fpy(D(fa-1(@2))) = D(Fa(3)) = 05 agn-1g, = a3
and D(fp-1(a3)) = cay, and finally ayn-12; = a4 and
D(fn(a4)) = D(Fa,(fa-1(as))) = D(Fa,(1 - 3.)) =0

C1(£0)m—2L1. Clearly, in the first case aym = max(1/(A™—Am~1-1), A/A-1).
If A" = €1(F0)™=2L1 we get that f,,(ayn) = 2. Hence (2) holds. Now we
prove (3). From Lemma 2.18 we have gn(u) = A"c, > 0 forall u € I'yn.
Therefore fu|r,. is increasing. If A™ = ¢1(£0)"~2L1, from Remark 2.5
sm(u) = L forall p e Iym. So fulr,. is strongly increasing. Assume that
A™ = B™. Then by Lemma 2.9 it follows that s,,(x) = R for all u € Tym.
Thus fulr,. is strongly increasing. This ends the proof of the lemma for
n<m.

Now assume that the lemma holds for n—1 > m and we prove it for n. Let
A" = AoA; -+ An—y be such that T'y» # @ and let A""' = Ag---A,_,. First
we note that since I'y» C I'y»-1 and Do fn—1|l"A,,_| is strongly increasing or
strongly decreasing according to a(4""!) we obtain that the set of u € I'j.—
such that A(F,(D(fu—1(n)))) = *-'d,_, is connected (see Figure 10). Hence
(1) follows.

Now we prove (2). If D(fy(agn)) # O then either D(f,_i(agn)) = Ca,n OF
ayn = aya.- (see Figure 10). In the first case ¢,,, is periodic of period smaller
than or equal to n— 1. If ay» = a,.-1 and l_)(f,,_l(aé,._l)) = 0, then from
Remark 2.20 we get D(fu(agn)) = D(Fa,» (D(fa-1(agn-1)))) = D(Fa,.(0)) =0.
Also if ag» = a4n-1 and ¢,,,_, is periodic of period less than n — 1 then
Ca,. 1s periodic of period less than n. By the induction hypotheses the only

remaining case is a4n = an1, A" ' = B""!, and
A A

agnmr = max(1/(A" = Am=1 = 1), 2/(A" 1))
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If max(1/(A™ —A™~1—1), 1/(A™ - 1)) = 4/(A" — 1), from Lemma 2.9 we get
K(agn-1) = K(A/(A" = 1)) = B. Hence si(agn1) € {L, R} and fi(a 1) ¢
Z for all i > 1. Then, from the continuity of f,_; we get d,_;(u) =
dn—1(agn-1) =dp_1(A/(A" = 1)) and s,_1 () = Sp—1(gn-1) = Sp-1(4/(A" = 1))
for u > a,.- sufficiently close to a4.-1. Then we obtain 4" = B" . If

max(1/(A" = A"~ = 1), /(A" - 1)) = 1/(A" = A"~ - 1)
then A < m, and, from Lemma 2.4, we obtain
K(agm1)=K(1/(A" ="' = 1)) = (C1(*0)"~")>.

From the continuity of f; for i > 0 and since fi(a 1) ¢ Z for i > 0 we
get di(u) = di(oqn-1) for u sufficiently close to a 4. . If i is not a multiple
of m then s,_,(ayn-1) = L. Again by the continuity of f;, s;(u) = L for u
sufficiently close to a 4.1 and i less than n, not a multiple of m. If i =km
with k € N, by Lemma 2.9, we get K(u) > B forall u € T4». So,

'()_{R ifk=1,
W=D ifks1,

for u sufficiently close to a,.-1 and for / less than n and multiple of m.
Then 4" = B” and (2) holds.
Now we prove (3). We divide this proof into five cases.

Case (A). s; = L for i = 1,...,n— 2. First we study simultaneously the
cases m = 1 and dy > 1, and m > 1 and d,_, = 1. By the induction
hypotheses we have that D(f,—i(a.-1)) = 0. If 5,y = L then ay~ is such
that agn € g1, D(fa1(@gn)) < Cayn» and Fy,, (D(fa-1(agn))) = dn-1.
Hence, D(f,—1(ag»)) = dn—1/4 (see Figure 11). By Remark 2.20, D(fy(a4»)) =
D(F,,,(D(fn-1(a4r)))) = 0. From Remark 2.19 we also obtain

gnlr,. = A"c, > Ac, = &ilr,. -
Therefore, if c,(u) denotes the kth turning point of F, we get

&n(l) — cr(u) > g1(u) —c(u) >0
forall uel .

/

FIGURE 11. The map f,_i|r,

in Case (A)

n—1
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If 5,1 = R then there exists u € I'4.-1 such that D(f,_1(u#)) > c,. Since
D(fn—1(agn-1)) = O there exists x € 4.1 such that D(f,_1(x)) = cx and
K(x) = (4" !)>°. Moreover, from Remark 2.19, g,_ (1) = A""cjt > ¢, forall
¢ € I'yn-1 . Therefore, for all 4 € (x, Byn-1) we get K(u) = A" R4, | Now
we show that fy, 8,._1) 1s concave. From Remark 2.19 we have g,_i(u) =
An=lel = An=1(A = 1)/(u+ A)? . By Remark 2.20 we also have

D(fa()) = D(Fu(D(fa-1())) = D(u(1 = D(fu-1(1))) + E(fa-1(1s))) -

Hence,

gn(l) = 1 = D(fuor (1)) — i8nor = 1 = D{fy_r(1)) —w”(;%)z.
Thus, , ,
n— n - 1
gn( ) _2gn 1+21u)' lm 21 m<0

Hence ful(x,p,,_,) 1S concave as it was claimed. Therefore to see that
Jalix, B,._1) is decreasing it suffices to show that g,(x) <0.

Now suppose that g,(x) > 0. By Lemma 2.21, for all k¥ > 1 there exists
8 > 0 such that K(y) = 4”471 (4" "k ... forall y € (x, x + J%). Then,
by using Remark 2.19 we have

Bin—t)ks2)(x) = A~DEED=1 g (x)

Therefore, for k sufficiently large we obtain

8mn—1)k+2)(X) > (A= 1)/(x +4%) = Cy -
Since ¢, is periodic of period a divisor of n — 1 we get D(fn—1)(k+2)(X))
= ¢, forsuch k. Since the functions ¢, and D(f,_1)x+2)(#)) coincide at u =
x and gpu-1)k+2)(x) > (A=1)/(x+4)* = ¢, > 0 we have D(fin—1)k+2)(¥)) > &
for y > x sufficiently close to x . Therefore, K(y) = A" '4""' (4" ")kRq ...
which is a contradiction with the above claim. Hence, g,(x) <0 and fu|x,g,,-.)

is decreasing. So it is strongly decreasing and (3) holds.
It remains to consider the cases m =land dy=1,and m>1 and d,,_, =

0 (recall again that when m > 1, ) € {0, 1} for all i >0). By Lemma 2.4
it follows that n = m+1 and A’"“ Cl(LO)’” IR1 because I'y» # @ . Clearly
aym = agm = max(l/(A™ — Am=1 — 1), 1/(A™ — 1)). By the same arguments

as above meh—A .. 1s concave. Then, to prove that fy,,1|4m is decreasing it
suffices to show that gui(ama) < 0. By Remark 2.5 it follows Sy 1(ogme1) =

-+ = Sym—1(aymn) = L. Then, from Remark 2.19 we obtain that g, (am)
and gym(cym+1) have the same sign. Now we compute the sign of gym(agme).
Assume that max(1/(A™ — A"~ — 1), A/(A™ = 1)) = 1/(A" = A"~1 —1). We

have
1/(Am =1 - 1)+ 1 _ Am—1

D(fam(@gmea) = Cogo = TG Zm T 32~ 271

By Lemma 2.9, K(x) > C1(L0)"" 1Ry (Lo)ym=1(L1(L0)™~ 1) for all u €
Tyme . Hence, Ir (fam(p)) < (F1(20)™~1)> for all 4 € I' ymei . Since

Ly, "1™ = 1)) = (F1(F0)" =)=,
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from Lemma 2.3 of [AM] we obtain f,,(u) < A"~1/(A" —1) forall u € L yme
and hence, gm(ayma) < 0. Now assume that

max(1/(A" — A"~1 — 1, A/(A"™ = 1)) = A/(A" — 1).

Then,

D(fom(@tgm)) = 7 -
As above, by Lemma 2.9 we get K(u) > C1(LO)m—1R1(LO)ym=1(L1(LO)m—1)>®
forall u € Tymn and, hence, I (fom(n)) < (F1(*0)"~1)> forall g € T yme .
Since I (1/(A" - 1)) = (*1(*0)"~")>, from Lemma 2.3 of [AM] we obtain
Som(n) < 1/(A"—1) forall p €T ym. . Then gom(ayma) < 0. Thus, fruiilr

Am+l
is decreasing and hence it is strongly decreasing.

Case (B). (4" ") =1, sj = R forsome j e {l,...,n-2}, and s,_, =
L. Since g(4"") = 1 by the induction hypotheses we know that f,_ ilr,,, 18
strongly increasing and convex. Thus A(f,—1(a4n-1)) < *-1d,_, because _1"4 n C
I'jn-1. Since s,y = L weget s,_1(a 1) € {A_l, L} and d,_(agn-1) < dp_;.
Furthermore, from Remark 2.20 it follows that D(f,(x)) = D(Fx(D(f,-1(x))))
= D(AD(fy-1(x)) for all x € I'y». Hence, gnlrﬁ,, = Ag,,_llrﬁ,, and g,’,lrﬁn =
Ag,_ilr,». Thus fy|r,, is increasing and convex. Hence only it remains to
prove that Jalr,. 18 strongly increasing.

If dy_(ayn-1) < dy_; we get D(fn(ayn)) =0 (see Figure 12). Then, since
the functions (u+1)/(u+A) and 1—k/u for k € N are increasing and concave,
by Lemma 2.15, we obtain that Do fy|r,, is strongly increasing.

Now we assume that d,_(ayn-1) =dy_1. Then agn = ayn-1. If

D(fu-i(atge-1)) = 0

we obtain that Do fy|r,, is strongly increasing by the same arguments as above.
Hence we assume that D(fu-1(ayn-1)) # 0. If s,(aq) = L we obtain (3)
from Lemma 2.15. Therefore, we also assume that s,(a 47) € {C, R}. Since
a(4"") = 1 and there exists j € {1,...,n —2} such that 5; = R we get

—

FIGURE 12. The map f,_i|r,,_, in Case (B) when m >

n—1

1. Note that f,_;(a) = i/4 and hence D(f,(a)) =0
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A"' # B"!. By the induction hypotheses we have that Cayn = Ca is

.A;"_l
periodic of period k <n—1. Set Ak = Ag--- Ar_; and consider two subcases:
k . .
Subcase (B1) a(A*) = 1. By the induction hypotheses we have that ﬁ(]rék

is strongly increasing. Since O’(Ak) = 1, from Lemma 2.21 we get K(y) >
4"4&(4’1)* for all y > a4~. Therefore, either 4" = /_lkA’fr(A'i)deoAl Ay
forsome j>0and 0 <i<k—1 or 4" =Ade0A1~-A,~ forsome 0 < i< k-
lorAd"= Akﬁ'i(ﬁ_’i)f for some j > 0. Since o(4") =1 and a(AkA'i(A’i)j) =
—1 the last possibility cannot occur and in both of the remaining cases we have
o(Ay---4;) = —1. In view of Remark 2.16, to show that f,|r,, is strongly

increasing it suffices to prove that A(f,(y)) > A(fu(asn)) = Ay forall ye
[4~ . In the first case we have

K(y) = AoAy - AiAi1 - Ap 1 A (A5 )P do A, - - A4 (p) - -
for all y € I'4». Hence,
L (/K (cy)) = SUDK(K (p)) = Ldo Ay -+ Ain(y) -+ < I (c5).

Since A9 = €dy and g(A4,---A4;) = —1 we obtain A4,(y) = A(f,(»))
Aip1 = A(fa(ayn)) . In the second case,

K(y) = AoA1 -+ AiAipr - An_iRdoAy - - AiAp(y)
for all y € I'4». Therefore
Ig (FF(c)) = SK(K(v) = Rdody - A 4n(p) - > I (cy) .
Since Ao = “dy and a(A4;---4;) = =1 we get Aq(y) = A(fu(y)) = Aisy
A(fa(agn)).

Subcase (B2). o(ﬁk ) = —1. By the induction hypotheses, ﬁcer , s strongly
decreasing. We shall prove that A,(y) > A(ayn) for all y € Iyn. From
Lemma 2.21 we obtain

() K(y) > 44X (45)> forally > ayn.

v

Thus, either A" = A4*4* (4%)/RdyA, .- A; for some j > 0 and i > 0 or
A" = A*FdyA, - A; for some i >0 or A" = Akﬁf(ﬁi)f for some j > 0. In
the first and in the second case we have o(A4,---4;) = —1 and we obtain the
desired result as in Subcase (B1). In the last case we note that s,(ay.) = C,
and by (o) we have s,(y) = R for all y € I'4.. Therefore, f, is strongly
increasing in I'4 .

Case (C). a(4"')=~1 and s,_, = L. Since g, = Ag,_, and g, = ig._,,
Jalr,. 1s decreasing and concave because f,_ er is decreasing and concave
by the induction hypotheses. -

n—1

Case (D). o(4"™") = —1 and s,_; = R. Since gu(u) = (1 — D(fu—1(1))) —
ugn—1(u) and g,(u) = —28n—1(4) — 1&,_1(#), falr,. 1s increasing and convex.
To see that f, is strongly increasing we use similar arguments to those of Case

(B).
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Case (E). (4" ") =1, s; =R forsome je{l,...,n-2} and s,_; = R. By
the induction hypotheses we know that f,_|r ,_, is strongly increasing. Hence,
there exists an interval K such that I'y» C Kc [4n-1 and s,_;(#) = R for all
u € K (recall that T'y» # @). Clearly g,(u) =1 — D(fp—1(1)) — 1gn—1(¢) and
&n(u) = —28n—1(u)—g,_,(n) forall u € K. Since, by the induction hypotheses,
g,,_,lr”_1 >0 and g,',_lh-“_l > 0 we obtain that f,|x is concave. To see that

Jalr,. is decreasing (i.e., strongly decreasing) we consider again two subcases.

Subcase (E1). s,_1(ayn-1) € {M, L}. Since s,_; = R, there exists x € I' ;.-
such that f,_;(x) = ¢, . Clearly K = (x, 8 4n-1). Then, since f,|x is concave,
to prove that fy|r,, is decreasing it suffices to show that g,(x) <O0.

From Lemma 2.21 we have that K(y) > 4" ' 477'(4""")> forall y € K.
Moreover, for each / € N there exists J; such that K(y) = 4" ' 4"~ 14" 1) ...
forall ye (x,x+4).

Set Qi(cu) = fi(u) = Fj(cy) for i > 1. Note that g(u) = Qj(c,)c) , and
since ¢, > 0, Qj(c,) has the same sign as g;(u) for all i > 0. Moreover
we also note that if K(y) = €do4,---4;--- and I (z) = Ld,-- , then
Fyi(z) = Qi(z) for i=1,..., j+ 1. These properties will be used later.

We recall that for y € K we have s,_,(y) = R. Hence D(f,_1(y)) >
¢, . Now, for such y, we denote by fu_1(y) the conjugate of D(fy_1(y)) in
(0, ¢,]. By the definition of the conjugate of a point we have Af,_,(y) =

y(1 = D(fp-1(y))) + 1. Hence,
Fii(y) = 1+y(1=-D(fu(y)) ‘

A
On the other hand, if y > x is sufficiently close to x we have K(y) =
4""_41" --- . Hence, by Remark 2.20,
D(fu-11k(¥)) = DES(D(fa-1 (1)) = DFf (fac1(9))) = D(Q(f—1
for k=1,...,n—1. Thus,

En-14k (V) = Qh (S W) (1 ()
— Q;((f;l—l(y)) 1 - D(f;l—l(yl)) - ygn-—l(y)

——Qk(fn (V) gn(y).

In particular, for y > x sufficiently close to x we obtain g, (y) =

2 ’_,(f,,_l(y))g,,(y) . We also note that for y € [x, x +J,) and k =1,
n—1 we have

D(fon-1)+k(¥)) = D(Qi(D(fa(n-1)(¥))))

&n-1)+k V) = Qu(D(fain—1)(¥))) &2n-1)(¥)
= 20D a0y s (V)8 (2).

and

Therefore,

g3(n l( ) Qn I(D(erl l Qn l./;l y))gn )
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X

FIGURE 13. The map (Dof,,_1)|r“_l in Subcase (E1)

Iterating this process for / =1, 2, ... and for y € (x, x + J;) we obtain
I+1
1

gus2n-n¥) = 3801 Qo1 (fa-1 HQn 1(D(fin-1y(¥))) -
Since D(fi(n—1)(x)) = ¢x forall />1 and fuo1(x) = ¢, we get

(o 8t () = 3(Qh 1 () ().

We recall that to end the proof of the lemma in Subcase (E1) we need to
show that g,(x) < 0. To see this we assume that g,(x) > 0 and we arrive to
a contradiction. Since s,_(4"") € {M, L} and D(f,—(x)) = ¢x, from the
proof of Lemma 2.15 (see Figure 13), it follows that

8n—1(x) = Qp_y(cx)cy > ¢
Hence Q) _,(cx) > 1. Then, from (e) we obtain
(*) 8u+2)(n—1)(X) > &
for / sufficiently large. Let j € N be such that (x) holds with / = j. Set
AU - gn=t gn=l 4777 Since K(p) = AVTPD forall y € (x, x+6))
we get that a,i.+2e-1y = x. Since the maps D(f(j2)n-1)(#)) and ¢, coin-
cide at 4 = x and g(j+2)(,,_1)(x) > ¢, it follows that D(f(j+2)(,,_1)(y)) > ¢y
for y € (x, x + ;) close enough to x. Thus, for such y we have K(y) =

AUDE=DRg . 3 contradiction with the fact that K (y) > 4" 147~ !(4" 1)
Then g,(x) < 0 and hence f,,|1-A,, is decreasing.

Subcase (E2). sp—1(ayn-1) € {C, R}. By the induction hypotheses we have
that ¢, , , is periodic of period k<n-1and K =T . Since f,,[rdn is
concave, to prove that Jalr,» 1is decreasing it suffices to show that g,(a,.-1) <

0. Let 4* be the n-strip formed by the first k symbols of K(a,n-1) and set
Qj(cu) = fi(p) for j=1,..., k. Alsoset n = kr+i with k,r € N and
0 < i < k. As in the previous subcase we have f,(y) = Q;(f,x(y)) for y close
enough to a4.-: . Then, for such y, we obtain

gn(¥) = Qi (») & (¥) -
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Since fi(agn-1) = Ca,,., Wehave gu(ayn-1) = Qi(Ca,,_,)&k(agn1). We
note that the signs of Q_f(caA ) and gi(ca,, ,) coincide and, by the induc-
tion hypotheses, this sign is equal to the parity of (A4g---4,_;). Further-
more, the sign of g, is equal to the parity of (Ag---A,—;) and hence, the
sign of g,(a4.-1) is equal to the parity of Ag---Ay_;Ag---Ai-y = A". So
gnlagn1) <0. O

Lemma 2.23. Let u,, pp € I(m) be such that py < u, and K(u;) # K(u,). Let
n be the first natural such that A,(u,) # An(12). If n > 1 then si(uy), ...,
sn—1(m1) € {L, R}.

Proof. For i = 1,...,n—1 set A; = Sd; = A;j(u;) = A;(uy) and 4' =
Ao---A;—y . Suppose that there exists j € {1, ..., n—1} suchthat s; € {M, C}
and let 0 < k < n— 1 be the first natural with this property. By Lemma 2.22
we have that ﬁ(h—A ., 1s a rational function which is increasing or decreasing

according to the value of a(4*). Then, if s, = M we obtain that fi|(,, ., is
constant; a contradiction. If s, = C we get D(fi(u)) =c, forall p € (u;, u2).
Hence f|u,,u,) 1S increasing. Also by Lemma 2.22, if s; = R for some i =
1,...,k —1 we have that fi|y, ., is convex. This gives a contradiction
because the function ¢, is concave. Otherwise, by Lemma 2.18, we get that
fi(w) = Akc, + p(A) where p(4) is a polynomial of degree k — 1 in 4; again a
contradiction with the fact that D(fi(u)) =c,. O

Proposition 2.24. Let pu, uy € I(m) be such that u, < uy. Then K(u;) <

K(u2).

Proof. Assume that K(u;) # K(uz) and let n be the first natural such that
An(my) # An(u2). For i=1,...,n—1 set 4; =%d; = Ai(m) = 4;(u2) and
A'=Ay---A;—;. By Lemma 2.23 we get s, € {L, R} for i=1,...,n—1.

Now, by Lemma 2.22, we get that fy](,, ,,,) is strongly increasing or strongly
decreasing according to the parity of g(A4"). Thus we obtain A,(u;) < A,(12)
if a(4") =1 or A,(u;) > An(ua) if 6(4") = —1. In both cases we have
K(u) < K(pp). O

Now we are ready to prove Theorems 2.1 and 2.2.

Proof of Theorem 2.1. If b(u;) # b(u,) the theorem holds from Proposition
2.3. So, we can assume that u;, u» € J(m). If A"~y < 1 then the map
(FF = Dlpm-1yam =1y, fnw)—1 (see Proposition 2.13 and Figures 4 and 14) has
a fixed point z such that I (z) = (R1(20)"~")>. Clearly we get K(u) =
C1(EO)"—1(R1(L0)™—1)> . Then, when A"~ 'y < | the kneading sequence K (u)
remains constant.

Now assume that A" 'y, > 1. If additionally u; < A/(A™ — 1) then, by
Lemma 2.9, it follows that 4 > n,, . From Proposition 2.13 we obtain K(u;) <
K(u2). So we assume that up > A/(A" —1). If u; < A/(A™ — 1) we obtain
the desired result from Lemma 2.9. Lastly we assume that u,, u, € I(m).
From Proposition 2.24 we get K(u;) < K(u2). Suppose that K(u;) = K(us).
Then we obtain K(u) = K(u;) for all u € [u, ua]. Set K(uy) = ApA4;--- =
Sodosidy --- and A" = Ag--- Ay—; . Then, from Lemma 2.23, we get s; € {L, R}
for all i > 0. Since [u;, ua] C Ty~ forall n > 0, fulu, 4 is a rational
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z

FIGURE 14. The map (F;” —1)|pm-1/am—1y, f,,(u)—1) When
Ay <l

function for all » > 0. Suppose that there exists #n such that s, = R and let
k be the first natural with the property s, = R. From Lemma 2.18 we have

AKA-1)
(n+4)3

for all u € (u1, p2). On the other hand, by Lemma 2.22, the map f|, , 4, 1S
either increasing and convex or decreasing and concave according to the parity
of A" for all n > k. In particular g, and g, have the same sign for all
n > k. Now set k; = min(A™, A" ~'y;) and ky = 24%(A — 1)/(uz + A)3. Since
Uy > A/(A™ —1) we get k; > 1. We claim that

8w =-2

(%x) |8k snm()| > ki'ky forall u € [y, up] and forall n > 1.

To see this note that for all i > 0 either g ,.(4) = A"g,,;_,)(#) or

gllc+im(lu) = “zj-m—-lgk+m(i—l)(:u) - lm_l.ug/lﬁ.i(m_l)(,u) . Then> since gk+(i—1)m
and gl,<-+-(i—l)m have the same sign we obtain |g; | > kllgllc+(i—l)m| on [u;, u2].
From this (x+) follows inductively.

Now fix x € (41, 42) and let n > 1 be such that k{'k; > —r5= - Then
since Ziynm and g, have the same sign and it is constant on [u;, u;] we
have

X
|8 = |Zsnm (1)) + / 18] it > .
H Hy— X

Then, since |gkinml(u,, 4, 1 INCreasing,

| 8k-+nm (1) > forall u € [x, us].

From the mean value theorem we get

|fk+nm(;u2) - fk+nm(x)| = |gk+nm(é)|(/12 - X)

for some & € (x, uy) and hence |fiinm(42) — fisnm(x)] > 1. On the other
hand, by Lemma 2.17, E(fi,nm(n)) is constant for all 4 € T 4i..n . Namely,

E(ﬁ(+,,,,,(u))=2f:0"’”_' d; . This contradicts the fact that | fi,m(142) = fksnm(X)]
>1.
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Now we consider the case s; = L for all i > 0. From Lemma 2.18, g;(u) =
Aic;', for all i > 0. Let n be such that '1"6’,';2 > Ez—l—;ﬂ For such n we have

1
M2 — 1y
for all u € [u;, uz]. Therefore, from the mean value theorem we obtain

Jn(u2) = fa(ir) = gn(&) (12 — 1)

for some & € [u;, u2] and hence f,(u>) — fu(u1) > 1. As above we obtain a
contradiction. This ends the proof of the theorem. 0O

gn(u) =A"c, > "¢, >

Proof of Theorem 2.2. First we consider the case b(u;), b(u;) € J(m). Assume
that u < A/(A" — 1) and set F = F,. By Remark 2.10, we have that F” — 1
maps the interval
lm—l m
J = 17”——_1- . F (C”) -1

into itself. Then the set of nonwandering points is the union of two invariant
closed sets: one of them is contained in Z = {J,,(k + U7, VFi(J )) and the
other one in the closure of the complement of Z (think about the situation on
the circle). Then the entropy is equal to the maximum of the entropies on these
two sets. By the unimodality of F™|,, the entropy of F on the first one is
at most log2 To compute the entropy on the second one we collapse each

of the connected components of Z to a point and we get a bimodal map F
with F(0) =0 and Ix(cz) = (C1(£0)™=1)>. Since F has the same kneading
sequences as Fy Jm it follows that h(F) = log By Im (see [AM]). On the other
hand, since 4 < A/(A™ - 1), Lr = [0, L]. Hence Lg» = [0, 1]. So, by
Theorem 1.2 of [ALMM], s(F™) > f; . An easy computation shows that
By =V2+1>2. Thus, s(F) > 2"/ and, hence, h(F) =logfy |, -

Now assume that u > 1/(A" —1) andset F =F,, c=c,, and ¢ = ¢ the
map defined in §2 of [AM]. First we show that ¢ is a conjugacy. To do this
suppose that the opposite is true. Then since ¢ is nondecreasing there exists
J = [x1, x2] € [0, 1] such that ¢|; is constant. Then, from Lemma 2.7(3)
of [AM], A(J) = 0. From Lemma 2.6 we know that .7 is dense in R and,
by taking F"(J) instead of J, we can assume that either 0 € J or c € J.
If 0 € J then there exists k such that [0, 1] ¢ D(F¥(J)); a contradiction.
Hence ¢ € J. Now assume that J is maximal with the properties that ¢ € J
and A(J) =0. If for some k, 0 € D(F¥(J)), as above, we get a contradiction.
Since 7 is dense in [0, 1] we obtain that ¢ € D(F*(J)) for some k > 1.
Now assume that k is the first natural larger than 0 such that ¢ € D(F¥( ))
By the maximality of J we have D(FX(J)) c J. Since {0, c}ND(Fi(J))
for i=1,...,k—1, weget that 4;(x) remains constant when x varies in J
for i=1,...,k— 1. We denote this value by A4, =%d;. Set

g=Card{ie{l,...,k—1}:5,=R}.

We note that from Lemma 2.4 and Remark 2.5 we get kK > m and if 5;, = R
forsome i=1,...,k—1then i<k—(m—1) and s;y,=---=Sizm_1=L.
Since 5, =--- =8y_; = L we have gm + m < k. Then, D(F¥)|; is piecewise
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linear with two pieces. Therefore D(F¥)|i,.,; has slope (A"~'u)9Ak=m4 and
D(F*)|ic. x,1 has slope (A"~1pu)a+12k=ma=m _This gives a contradiction because
1 1 1 1

(,q'm—llu)qik—mq + (lm—l'u)qﬁ—l/lk—mq—m < l_m + llm—llu <l.

Hence, F, and Fu are conjugate and, by Proposition 3.12 of [AM], (recall
that from Remark 2.7, Proposition 3.12 of [AM] works in this case) K(u) =

111: (c;). Therefore, if u;, u € I(m) and pu; < u, then, from Theorem 2.1
I3 u

we have that K(u;) < K(u2) and hence F, # F,,. Since T(F,) = T(F,)=0
we obtain s(Fj,) # s(F,,). On the other hand, since K(u;) < K(uz), then
s(u1) < s(u2). So, s(u1) < s(up) and h(uy) < h(ua). If o > A/(A-1) 2 wy
take u3 € (A/(A™ — 1), up). Then, by the above argument we have h(u) >
h(us) > h(uy) . Hence (2) holds.

Lastly, assume that u, € J(m;) and u, € J(my) with m; # m,. By
Proposition 2.3 we have m; > m,. Let usz € I(m;) be such that u; < us.
Then h(u;) < h(us3). From Proposition 2.3 we have K(u3) < K(u;) and hence
h(uz) < h(p2) . So, k() < h(us) < h(uy). O

3. THE FAMILY F;

In this section we assume that u is fixed and we study the uniparamet-
ric family F; = G, ,. We use a similar notation to the preceding section.
We set ¢; = ¢4, b(A) = by, fu(d) = F'(cy) and gu(4) = dfa(4)/dA
when D(fi(4)) ¢ {0,¢} for i=1,...,n—1. Also set K(4) = K(4, u) =
Ag(A)A1(A) - = Cdo(A)"Pd, (1) - -+, and define

(,(A)_{l if Card{i € {1, ..., n—1}:5;(4) = R} is even,
T -1 if Card{i € {1, ..., n—1}: 5(4) = R} is odd.

Lastly, set ¢j =dc;/dA=—(u+1)/(A+p)?.
The main results of this section are the following.

Theorem 3.1. Let A, and A, be such that A, < Ay. Then K(i)) < K(4,).
Moreover K(Ay) = K(A;) if and only if there exists m € Z, m > 1 such that
b(A)) =b(A) =L and A7 'u<1.

m
Theorem 3.2. Let A, and A, be such that A, < Ay. Then h(iA;) < h(4;).
Moreover h(A;) = h(Ay) if and only if there exists m € Z, m > 1 such that
b(Ay) = b(A2) = 5 and p < Ap/(A7 —1). In this case h(Ai) = B |/, -

m

Theorems 3.1 and 3.2 will be proved in a similar way to Theorems 2.1 and
2.2.

The next result is the equivalent to Proposition 2.3 for this new family. Its
proof is analogous.

Proposition 3.3. If 2’ > A and b(A') # b(A) then K(1') > K(4).

From Proposition 3.3 it suffices to prove Theorem 3.1 when b(1') = b(4) .

Let m € N be such that m — 1 < b(A) < m. Clearly if b(A) > 1 we have

m =1 and b(4) € [L, -L;) otherwise. We shall keep this assumption until

the end of this section and again we shall split the study of this case into several
lemmas.
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'
S

1 ky ko ky
FIGURE 15. The roots k,, of R,,(1) =0

First we state results analogous to Lemmas 2.4 and 2.9 for the family F;.
To do this we need some notation.

Set Rp(A) = A" — Am™~! — 1. Since for 4 > 1 the equation R, (1) = 0 is
equivalent to A" ! =1/(A—1), lim,_+ 1/(A—=1) =00, 1/(4—1) is decreas-
ing and A™~! is increasing (see Figure 15), we have that R,,(4) has a single
root k, in (1, 00). Since for A > 2, 1/(A—1) <1 we obtain k,, < 2 for
all m> 1. Also, if m > n we get k,, < k,. Moreover, for 4 > k, we have
Rn(2)>0.

Now we consider the maps ¢,,: (km, o©) — (0, 00) and w,: (1, 00) —
(0, 0o) defined as follows:

1 A
om(A) = ey and ¥ = o

Clearly we have that ¢, and y, are decreasing, lim;_: ¢m(4d) = oo,

limy_, o, ¢m(4) =0, lim;_+ ¥u(4d) = co, and

. 0 ifm>1,
llirgwm(l)— { 1 ifm=1.

From Lemma 2.9 we get that ¢,,(1) < ¥,y(4) if and only if A > m,,. Let
o' (0, 00) = (km, o0) and y,;': (a, ) — (0, 0o) be the inverse functions
of ¢,, and y,, respectively (where a = 1 if m =1 and a = 0 otherwise).
Clearly ¢;,' and y,,! are decreasing (see Figure 16). We note that when m = 1
and u <1, y,,'(u) is not defined.

The next lemma is the analogue of Lemma 2.4 for the family F;.

Lemma 3.4. The following statements hold.
(1) If m=1 then A€ [p5' (1), );

(2) If m>1 then €9y (), 0,1, (1);
(3) If m>1 then

(C1F0)™1)>® = K(p' () < K(A) < (C1(F0)™=2)>.

Otherwise K(4) > (€1)=.
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FIGURE 16. The maps ¢;,! and y,,' for m > 1

Proof. (3) follows in a similar way to Lemma 2.2(4). Also, from Lemma 2.4(1),
we get R,,(4) > 0 and hence A > k,,. Thus, by Lemma 2.4(2) it follows that
¢om(A) < u. Hence A > ¢,,'(1). This proves (1) and the first inequality of
(2). Now assume that m > 1. If 4 > k,,_; we get that R,,_;(4) > 0 and, by
Lemma 2.4(3), it follows that u < @,,—1(4). Thus, 1 < ¢! (0). If A < kpy
we have q:;,'_l(/z) >kpy_1>A. O

Now we set
ifm=1,

and J., = [p,'(n), k'(m)]. Also set 7}, = @m(7m) = Ym(nm) and I'(m) =
{AeJ'(m): 4>y, (n)}. When m=1 and p<1 weset I'(m)=2.

Remark 3.5. From Lemma 3.4(4) it follows that for m > 1 and for 4 € J'(m)
we have K(A) = €1(L0)"—2Ld... with d € {0, 1}. Therefore, from Proposi-
tion A of [AM], we get that if d;(4) =1 for some i >0, then s;,;(4) = L for
j=1,...,m—-1and di;j(A) =0 for j=1,..., m-2.

The following result is the analogue of Lemma 2.9 for the family F; and
follows easily from its proof. When A € J'(m) we define x; as for the family
F, . Thatis, x; is the Fj-conjugate in [c;, 1) of the largest element of the TPO
of period m and rotation number # in (0, ¢;] (recall that this TPO exists in
view of Lemma 4.1 of [AM]).

Lemma 3.6. The following statements hold.

(Y Ifm>1,0or m=1 and u> 1 then y,'(n) € J'(m) if and only if
u<n

2) If m>1,0or m=1 and u>1 thenfor A€ J'(m), fm(d) <1+x; if
and only if 2 <y, (1);

3) If m=1 and u<1 then f(A) <1+x; forall Ae J'(1);
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@) If u<n' and A, X € J'(m) with A<y, (u) <A’ then
K() < K(wy' () = B< K(V);
(5) If u>m,, and A€ J'(m) then K(A) > B.

In view of Lemma 3.6 we can split our problem into two different cases.
Namely u < 7, and 1 € [¢;,' (1), ¥,,'(4)] and

A € (max(p,' (1), W' (1), &'(m)).

To study the monotonicity of K(4) in the first case we use again Theorem 2.6.
The proof of the following result is similar to the proof of Proposition 2.13.

Proposition 3.7. Let u, A, and A, be such that u < n, and ¢;,' (1) < 4 <
Ay < wi'(1). Then K(A) < K(Ay). Moreover, if A7 'u > 1 then K(4) <
K(4y).

Now, we consider the second case. That is

A€ I'(m) = (max(py,' (1), ¥y (W), x'(m)).

We study this case through a sequence of lemmas.

Let A" be an n-strip. Now we denote by A4~ the interior of the set of A’s
such that K(4) starts with 4”. We note that if A4 # @ then s = C and
Jnla,. is a rational function on A. Now set I'y» = Ay- N 1'(m).

Let (a,b) c (1,00) and f: (a, b) — [0, 1] be a continuous map. We say
that f is strongly increasing if f is increasing and for all A, A’ € (a, b) with
A < A we have A;(f(4)) < 4;(f(A)) (now A;(x) denotes the F;-address
of x). We say that f is strongly decreasing if f is decreasing and for all
A, A €(a,b) with A <A’ wehave 4,(f(4)) > 4, (f(4)). Note that, contrarily
to the situation for the family F),, since each turning point of F; depends on
A in a nonincreasing way, to show that f is strongly increasing it is enough to
show that f is increasing (see Figure 17(a)). We also note that the notions of
strongly decreasing and decreasing are not equivalent (see Figure 17(b)).

The next results follow in a way similar to the corresponding results for the
family F, (see Figure 18 on page 681).

Remark 3.8. From Lemma 2.15 it follows that if f: [a, b)) — R is a differ-
entiable function decreasing and concave and f(a) > ¢, then f is strongly
decreasing. Moreover, to see that f is strongly decreasing it suffices to show
that A,(f(y)) < Aa(f(a)) forall y €[a, b).

Lemma 3.9. Let A" = “dyRd,---Rd,_, be an n-strip. Then for all 2 € Ayn
and k=1, ..., n we have

Jelw) = (=) "2y + pia (),

where pfl,,(u) is a polynomial of degree k — 1 in u which depends only on
dOa see ,-an-—l .

Remark 3.10. From the preceding lemma we see that if A" =CdyRd,---Rd,_,
then for all u € Ay» and for k=1,..., n we have

g(A) = (=D uk(u+ 1)/ (u+ 2)2.
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j ca(N) cq(A)
e \ alh) =
&) § ey
a0l A
(o (b)

FiGURE 17. (a) shows a map increasing and strongly in-
creasing. (b) shows a map decreasing and not strongly
decreasing. The curves ¢;(u) are the graphs of the turn-
ing points depending on 4

Moreover, if C* is a k-strip and A" = C*Rd,Rd,,,---Rd,_, then gi,;(A) =
(—u)'ge(d) for i=1,...,n—k and for A€ Ayn.

Lemma 3.11. Let A" = %dy---*-'d,_, be an n-strip such that s; € {L, R} for
i=1,...,n—-1 and assume that T 4. is an open interval, f,,|1— , Is either

strongly increasing and a(A") = 1 or strongly decreasing and 0(4") =—1;
and there exists a unique x € I' 4n such that D(f,(x)) = cx. Then the following
hold.

(1) If a(4") =1 then forall A€ T 4n suchthat A> x, K(1) > A"A" (4’1)
Moreover, for all | € N there exists 6, such that K(1) = A"A"(4")! --
forall e (x,x+7)).

(2) If 6(A™)=—1 then forall A€T 4n suchthat A>x, K(1) > A"A" (A ﬁ)
Moreover, for all | € N there exists §; such that K(1) = A" _4_( "
forall e (x,x+96).

Lemma 3.12. Let A" = %dy---*-'d,_, be an n-strip such that s; € {L, R} for
i=1,...,n—1 and assume that T 4» # @. Then the following hold.
( ) FAn = (aA,. BA”) with ﬂAn GRU{OO}
(2) Either D(fu(agn)) = 0 or Cayn IS periodic of period less than n or
A" = B" and in this case a4» = max(p;,' (1), v,'(1)).

(3) If si =R for i =1,...,n—1 then f,|r,, is strongly increasing
if a(4") = 1 and strongly decreasing if o(4") = —1. Otherwise,
if a(A4") = 1 then fulr,, is strongly increasing and convex and if
o(4")=—1 then fiIr,, is strongly decreasing and concave.

Proof. The proof is very similar to the proof of Lemma 2.22 and it uses exactly
the same ideas. Thus, rather than writing the whole proof we are going to
point out its differences with the corresponding proof for the family F,. So,
from now on we shall use freely the whole proof of Lemma 2.22. We use
induction. For n = 1 we have 4' = €d with 0 < d < E(u) +1 (where
E(x) denotes E(x) for x € R\Z and x -1 for x € Z). If m > 1 then
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0 1
FIGURE 18. The values a¢, for d=1,2,3
=C1 and 4 = I'(m). Hence (1) and (2) hold. If m =1 then
u/(u—d+1), Byi) (see Figure 18) where
5 :{ et ifd <E(p),
B oc ifd > E(u).

D>

l=Bl
= (d

If d =1 theneither u <1 and I’(1)= @ or 4> 1 andthenweget 4' = B!
and oy = max(p;,!(u), v, (u)). If d > 1, wehave ayi =(d—-1)i/(A-d).
Hence (1) and (2) hold for n=1. B

Note that f(4) = Ac; . Therefore g(4) = u(u+1)/(u+4)> > 0. Thus fi|r
is increasing and hence it is strongly increasing. B

Now we assume that the lemma holds for n—1 > 1 and prove it for n. The
proof that (1) and (2) holds for n is analogous to the corresponding proof of
Lemma 2.22. To prove (3) we distinguish three cases.

Case (A’). si=R fori=1,...,n—=2.1f m > 1 then, by Lemma 3.4, we
have n =2 and 4% = 1.4 . Hence

LA)=Af/i(A)-D+1 and (1) =4g(4)+ fi(4)-1>0,

forall A€T,.. Thus, f2|r42 is increasing and hence it is strongly increasing.
Moreover, we get B

2
g(A) = Agl(A) +2&1(4) = 2uu+ ) Vppt ) 2pi(utl)

VR (u+4)3 (u+4)3

forall A€T'4:. Then f2|I-A2 is convex.
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Now we consider the case m = 1. If dy =1 then n < 3 by Lemma 3.6(5).
If n =2 then 4> = B*> = C1R1 and hence g (u) = —ugi(u). Thus flr,, s
decreasing. Moreover, B

Ay 2) =

1 if oy =950,
Ll ifa42=!//r;l(ﬂ)’

because a2 = max(¢,,'(4), ¥, '(#)). By Lemma 3.6(5) we obtain A>(4) < 1
forall A € I'y.. Thus lerA2 is strongly decreasing. If n = 3 we get 4> =
C1R1Ld by Lemma 3.6. Since s,(u) = L forall A € I'y: we have

83(4) =1&(4) + D(/2(4)) and  g3(4) = 2&:(4) + A& (4)

forall A €T .. An easy computation shows that

() = 2 (u+1)

(u+4)3
forall A €I 4.. Since I'ys C T4 it follows that f3|1—A , 1is concave. Then, to
prove that f3|1~A3 is decreasing it suffices to show that g3(a 42) < 0. To do this
we use the same arguments as in Case (A) of Lemma 2.22 when dy = 1. Note
that these arguments also show that f;er , is strongly decreasing.

Lastly, it remains to consider the case dy > 1. If s,_; = R we get &nlr,. =
~ugn-1lr,. - Hence, f, is increasing or decreasing according to the parity of
A" . Assume that o(4") = —1. Since A" # B" (recall that dy > 1) we get
that either D(fy(ay4n)) = 0 or ayn is periodic of period less than n. In the
first case, by Remark 3.8, we obtain that f,|r,, is strongly decreasing. In the

second case we use the same arguments as in Case (B) of Lemma 2.22 to show
that f,|r,, is strongly decreasing. If s,_; = L we get from Remark 3.10

<0

_ (=2, n—2 M +1)
gﬂ—l('l)_( 1) ztu 2(#_*_1)2
and ( .
! —_ _ n— n— lu Iu+
gt = 20T

forall A €T ju-1. Since gn(A) = D(fu(4)) + Agn-1(A) and g,(4) = Ag,_,(4) +
2gn—1(A) for all A €T 4~, we obtain

gl(x) _ _2(_1)'1—2#”—2)M + 2(_1)"_2/‘”—2”(# + l)

(u+4)3 (+2)?
—9(_1\n—2 n—2/‘(.u+l) -4
= 200w ()
_ oo pyrne2 et )
=20y

forall A € Is». Hence, if 6(4") =1 then f,|r,, isconvexandif o(4") = -1,
falr,. is concave. If a(4") =

1, from the induction hypotheses we get that
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fn—lll‘,,,,_l is increasing. Since g,(A) = D(fn(4)) + Agn—1(4) forall A € I'4n it
follows that f,, Ir,. is increasing and hence it is strongly increasing. Assume that
a(d")=-1. Since Jalr,. 1s concave, to see that fy|r,, is decreasing it suffices
to show that gy(a,») < 0. To do this we use the same arguments of the proof
of Case (E) of Lemma 2.22. To show that f|r,, is strongly decreasing we use

either Remark 3.8 or the arguments of Case (B) of Lemma 2.22 depending on
whether D(ay») =0 or whether ay- is periodic of period less than 7.

Case (B'). (4" = -1 and sj =L forsome j € {1,...,n—2}. Since
o(4" ") = —1, by the induction hypotheses we know that f,_, Ir,,, isstrongly
decreasing and concave. If s5,_; = R we get B

n—1

gn(A) = —ugn-1(4) and g, ((A) = —pugs_1(4)

for all A €I'4.. Hence fu|r,, is strongly increasing and convex. If s, = R
then )

&n(A) = D(fu-1(4) +Agn-1(2) and g,(4) =2gn-1(4) + A8, (4)

for all A € I'4». Therefore fy|r,, is concave. Then, to see that f,|r,, is
decreasing it suffices to show that g,(a4-) < 0. To do this we use the same
arguments as in Case (E) of the proof of Lemma 2.22. To show that it is strongly
decreasing we use the arguments of Case (B) of Lemma 2.22. In the particular

case when A" = B" we use again the corresponding arguments from the proof
of Lemma 2.22.

Case (C'). o(4"") =1 and sj = L for some j € {l,...,n—2}. Since
6(4"!") = —1, by the induction hypotheses we get that f;_, |FA,,_. is strongly
increasing and convex. If s,_; = L we have -

gn(A) = D(fu-1(4)) + gn-1(4) > 0
and
gn(A) = 28n—1(A) + A8,_1(2) >0
for all A € I'4». Hence (3) holds in this case. If s,_; = R we have

gn(A) = —pugn-1(A) <0 and g,(4) = —pug,_,(4) <0
for all A € I'y». Therefore f,,lry is decreasing and concave. If D(f,(a,n)) =
0, from Remark 3.8, we get that fy|r,, is strongly decreasing. If a4 is

periodic of period less than 7, by using the arguments of Case (B) of Lemma
2.22, we obtain that f,|r,, is strongly decreasing. In the particular case when

A" = €1(L0)™~ 1R we use the corresponding arguments from Lemma 2.22. O

The following proposition is the equivalent to Proposition 2.24 for the family
F; . Its proof is analogous.

Proposition 3.13. Let A, A, € I'(m) be such that Ay < ;. Then K(4)) <
K(42).

From all these results we can prove Theorems 3.1 and 3.2 in a similar way
to Theorems 2.1 and 2.2.
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